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Summary

As autonomous agents are increasingly deployed across diverse operational contexts, align-
ing their behavior with human intent demands reward functions that remain robust to such
changes rather than overfitting to any single operating condition. Inverse reinforcement learn-
ing (IRL) provides a principled way to infer such objectives from human feedback. However,
existing machine teaching approaches for IRL focus on single-environment, demonstration-
only settings, leaving underexplored how heterogeneous feedback modalities and environment
dynamics jointly constrain reward functions that generalize across multiple environments. Be-
cause demonstrations in one MDP entangle reward information with that environment’s spe-
cific structure, the resulting rewards frequently fail to generalize when the agent is deployed
in a new setting. We first analyze how different feedback modalities constrain rewards, show-
ing that, in the unlimited-data regime, comparisons impose strictly stronger global constraints
than other modalities. We further examine the geometry of feasible reward regions empirically,
showing that demonstrations impose tighter reward constraints under finite budgets. Beyond
this theoretical analysis, we introduce a hierarchical machine teaching algorithm for IRL that
operates across multiple MDPs. The algorithm first greedily selects informative environments
that expose complementary reward constraints, then strategically queries low-cost feedback
within those environments. Empirically, our method achieves substantially lower regret and
stronger generalization to held-out environments than uniform teaching baselines under identi-
cal feedback budgets, demonstrating the importance of multi-environment, multi-modal teach-
ing for learning dynamics-robust reward functions.

Contribution(s)

1. Analysis and insights into different feedback types for teaching IRL in both unlimited-
data and limited-budget regimes, showing that comparisons impose the strongest global
constraints while demonstrations are more constraint-efficient per query under tight budgets.
Context: Prior work on teaching IRL (Biining et al., 2022; Brown and Niekum, 2019)
has primarily focused on demonstrations and did not systematically analyze how different
feedback types constrain reward recovery.

2. A formal characterization of environment-dependent reward identifiability, showing that
even unlimited feedback in a single MDP leaves residual reward ambiguity.
Context: Existing machine teaching approaches for IRL (Biining et al., 2022; Brown and
Niekum, 2019) typically assume a fixed environment and do not analyze how environment
dynamics affect reward identifiability.

3. Hierarchical Set Cover Optimal Teaching (HSCOT), a framework that selects informative
environments and feedback queries to efficiently constrain rewards across multiple MDPs.
Context: Prior teaching methods (Biining et al., 2022; Brown and Niekum, 2019) operate
within a single environment and cannot exploit variation in environment dynamics to reveal
complementary reward constraints.

4. Empirical validation showing that HSCOT achieves higher constraint coverage and lower
regret on held-out environments compared to uniform teaching under identical budgets.
Context: Existing evaluations of machine teaching for IRL (Biining et al., 2022; Brown
and Niekum, 2019) mainly consider single-environment teaching settings.
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Abstract

As autonomous agents are increasingly deployed across diverse operational contexts,
aligning their behavior with human intent demands reward functions that remain robust
to such changes rather than overfitting to any single environment. Inverse reinforce-
ment learning (IRL) provides a principled way to infer such objectives from human
feedback. However, existing analysis of optimal teaching approaches for IRL focus
on single-environment, demonstration-only settings, leaving underexplored how het-
erogeneous feedback modalities and environment dynamics jointly constrain reward
functions that generalize across multiple environments. Because demonstrations in one
MDP entangle reward information with that environment’s specific structure, the result-
ing rewards frequently fail to generalize when the agent is deployed in a new setting.
We first analyze how different feedback modalities constrain rewards, showing that,
in the unlimited-data regime, comparisons impose strictly stronger global constraints
than other modalities. Beyond this theoretical analysis, we introduce a hierarchical
machine teaching algorithm for IRL that operates across multiple MDPs. The algo-
rithm first greedily selects informative environments that expose complementary reward
constraints, then strategically queries low-cost feedback within those environments.
Empirically, our method achieves substantially lower regret and stronger generaliza-
tion to held-out environments than uniform teaching baselines under identical feedback
budgets, demonstrating the importance of multi-environment, multi-modal teaching for
learning dynamics-robust reward functions.

1 Introduction

As autonomous agents become increasingly common, a central challenge is enabling humans to
convey their intent in sequential decision-making settings. Rather than merely imitating behav-
ior, agents must infer underlying objectives that remain aligned across varied situations (Kaufmann
et al., 2024). In realistic settings, humans provide heterogeneous feedback rather than demonstra-
tions alone (Mehta and Losey, 2024). Moreover, agents are rarely confined to a single operating
condition; instead, they are deployed across multiple operational contexts that differ in dynamics,
constraints, or embodiment. A service robot, for instance, may be required to perform the same
task across different physical layouts, action limitations, or safety conditions, while still adhering
to a consistent human-defined objective — for example, reaching a target location efficiently while
avoiding hazards. Understanding how to best teach an agent to act appropriately across heteroge-
neous settings is challenging. The teacher must convey an objective that is invariant to changes in
dynamics or environment-specific details, while the agent must learn a representation that general-
izes beyond the conditions under which feedback is provided. This raises the central question of this
work: How can a human teach an agent that operates across multiple settings using heterogeneous
feedback such that the agent’s behavior remains aligned with human intent in all of them?

This question naturally motivates a machine teaching perspective on sequential decision-making,
where a teacher strategically selects feedback to induce a desired learning outcome with minimal
cost. A natural formalism for representing human intent is inverse reinforcement learning (IRL),
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in which an agent infers a reward function from human-provided feedback (Abbeel and Ng, 2004).
The teaching problem can therefore be cast as machine teaching for IRL (Brown and Niekum, 2019),
where the teacher selects a minimal yet maximally informative set of feedback instances to recover
a reward that induces low-regret behavior. However, existing machine teaching frameworks for IRL
largely rely on demonstrations as the sole feedback modality (Kamalaruban et al., 2019; Biining
etal., 2022). Besides the single-modality setting, prior work on machine teaching for IRL has largely
restricted teaching to a single environment with fixed dynamics (Haug et al., 2018; Kamalaruban
etal., 2019; Yengera et al., 2021; Biining et al., 2022). Rewards learned in a single MDP often over-
fit to environment-specific dynamics, leading to failures when deployed under different dynamics
or learning assumptions (Booth et al., 2023; Fu et al., 2017; He and Dragan, 2021). We formally
characterize this limitation by showing that reward identifiability is environment-dependent. Con-
sequently, resolving reward ambiguity often requires teaching across multiple environments rather
than collecting more feedback within one.

To address the limitations of single-modality and single-environment teaching, we introduce Hier-
archical Set Cover Optimal Teaching (HSCOT), a framework that jointly selects informative envi-
ronments and heterogeneous feedback queries to constrain the reward space across multiple MDPs.
Unlike prior approaches that operate within a single environment, HSCOT exploits variation in en-
vironment dynamics to expose complementary reward constraints, yielding a hierarchical strategy
in which environments are selected first and feedback instances are chosen within them. Our contri-
butions are as follows:

* Analysis of feedback modalities for teaching IRL. We examine how different feedback types
constrain reward identification in machine teaching for IRL. In the unlimited-data regime, com-
parisons impose the strongest global constraints; however, under limited budgets, demonstrations
more constraint-efficient per query.

* Environment-dependent reward identifiability. We show that reward identifiability depends
on environment dynamics. We formally characterize this limitation and show that additional
environments can expose complementary constraint directions for better reward identification.

* Hierarchical multi-environment machine teaching. We introduce Hierarchical Set Cover Opti-
mal Teaching (HSCOT), a framework that jointly selects informative environments and feedback
queries to efficiently constrain rewards across multiple MDPs.

* Empirical validation. Experiments show that HSCOT achieves higher constraint coverage and
significantly lower regret on held-out environments compared to uniform teaching.

2 Related work

The problem of identifying minimal teaching sets has been extensively studied in Algorithmic
Teaching (Balbach and Zeugmann, 2009) and Machine Teaching (Liu et al., 2017; Zhu et al., 2018;
Zhu, 2015; Devidze et al., 2020; Wang et al., 2021). These works primarily consider supervised
learning settings such as classification and regression, where teaching reduces to selecting informa-
tive examples for a learner with a fixed hypothesis class. In contrast, teaching in sequential decision-
making requires reasoning about policies, trajectories, and reward functions, introducing additional
structure absent from standard supervised settings (Cakmak and Lopes, 2012). Our work builds on
this paradigm and studies machine teaching for inverse reinforcement learning (IRL) across mul-
tiple environments with heterogeneous feedback. The most closely related work studies machine
teaching for IRL, introduced by Brown and Niekum (2019), which formulates teaching as select-
ing demonstrations that induce a target reward in a learner within a single Markov decision process
(MDP). Subsequent work extends this framework to interactive settings where the teacher adaptively
selects demonstrations based on the learner’s current policy or posterior over rewards (Kamalaruban
et al., 2019; Biining et al., 2022). Related work considers learner-specific preferences or internal
constraints (Tschiatschek et al., 2019) or feature mismatch (Haug et al., 2018). However, these ap-
proaches assume a single environment and rely on demonstrations as the primary feedback modality.
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To our knowledge, we are the first to study machine teaching for IRL across multiple environments
with heterogeneous feedback modalities.

Outside classical IRL teaching, several works study teaching or guidance for sequential decision-
making agents under alternative assumptions, including curriculum learning (Yengera et al., 2021),
planning-based teaching MDPs (Peltola et al., 2019), and teaching-by-reinforcement for online RL
agents (Zhang et al., 2021). These methods do not address reward inference or reward generalization
across multiple environments.

A parallel line of work studies reward learning from human feedback, including demonstrations,
rankings, preferences, and corrective signals (Wirth et al., 2017; Christiano et al., 2017; Brown et al.,
2019; Myers et al., 2022; Losey et al., 2022; Wang et al., 2025). Several approaches develop unified
probabilistic frameworks for combining heterogeneous feedback signals (Jeon et al., 2020; Mehta
and Losey, 2024; Metz et al., 2025), while others study the effects of human rationality assumptions
or feedback noise (Ghosal et al., 2023). These works primarily adopt a learner-centric perspective,
focusing on how to infer rewards from feedback rather than how a teacher should select informative
environments and queries. Recent studies also show that rewards learned in a single environment
can become entangled with environment dynamics and fail to generalize across settings (Fu et al.,
2017; He and Dragan, 2021; Booth et al., 2023). While prior machine teaching approaches implicitly
assume that sufficient demonstrations in one MDP can identify the reward, some reward ambiguities
are structural rather than data-driven. Our work addresses this limitation by teaching across multiple
MDPs, where variation in dynamics reveals complementary reward constraints.

Conceptually, our approach extends the Behavioral Equivalence Class framework of Brown and
Niekum (2019) beyond single-MDP demonstration teaching. We define generalized behavioral
equivalence classes, which unify reward constraints induced by heterogeneous feedback across mul-
tiple environments. We further propose a hierarchical teaching structure that separates environment
and feedback selection: the outer level selects environments whose dynamics expose complemen-
tary reward constraints, while the inner level chooses feedback that efficiently shrinks the feasible
reward region. To our knowledge, this is the first framework to jointly address multi-environment
teaching and heterogeneous feedback selection within a unified optimization formulation.

In summary, prior work has largely progressed along two separate directions: machine teaching
methods that operate within a single MDP, and learner-centric approaches that infer rewards from
heterogeneous feedback without addressing how teaching should be structured across environments.
Our work bridges this gap by connecting the teaching problem with the fundamental challenges
of reward learning in single-environment settings. We introduce a teacher-centric framework that
operates across multiple MDPs, unifies diverse feedback modalities through generalized behavioral
equivalence classes, and employs a hierarchical teaching strategy that improves reward identifiability
and promotes generalization across varying dynamics.

3 Preliminaries

3.1 Markov decision processes

We consider a finite Markov decision process (MDP) M = (S, .A,T,~), where S is the state
space, A the action space, T'(s’ | s,a) the transition function, and v € (0,1) the discount fac-
tor. We assume a linear reward function defined by a feature map ¢ : S x A — R<, so that
Ry(s,a) = w'¢(s,a), where w,w* € R For any policy 7, we denote the discounted feature
counts as 1" (s) = E[> 72 7' d(s¢, a¢)] and p™ (s, a) = E[Y ;2 v d(st,ar) | so = s,a0 = a]. The
corresponding value and Q-functions are V.7 (s) = w' ™ (s) and QT (s,a) = w' u™(s,a), and we
let 7r(w) denote an optimal policy under reward parameter w.

3.2 Human feedback models

‘We model human feedback under the reward-rational choice framework (Jeon et al., 2020). A feed-
back instance corresponds to a choice ¢ € C from a choice set, grounded to a trajectory through a
mapping ¢ : C — =. For any trajectory £ = (sg, ag, $1, a1, - - . ), define its discounted feature vector
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(a) Demonstration (b) Comparison (c) Estop (d) Correction

Figure 1: Human feedback modalities as trajectory comparisons. Orange trajectories denote
the preferred outcome. (a) Demonstration: expert trajectory £* preferred over alternatives. (b)
Comparison: preference £4 > Ep. (c) E-stop: halted trajectory Epaeda > Er. (d) Correction:
corrected trajectory &corr > ER-

D(&) = > 72 v d(s¢, a). Given reward weights w and rationality parameter 3 > 0, the likelihood
of observing choice cis P(c | w, B) o« exp(B 1y, (1(c))), where ry,(£) = w' ®(&).

Demonstrations. Demonstrations correspond to reward-rational choices of state—action pairs with
C =38 x Aand ¥(s,a) = (s, a); the trajectory likelihood factorizes as

exp BQu}(Shai‘))
Felw = (Stla_[)es 2pea XP(AQu (56, b))

In the high-rationality limit 3 — co, demonstrations implicitly induce preferences £+ = £~, where
&7 is the demonstrated trajectory ¢ and £~ denotes any alternative trajectory.

Comparisons. Comparisons select between trajectories 7,6~ € E with grounding (&;) = &;.
Under the Bradley—Terry model,

exp(Bry(§1))

P(a|w,B) = exp(Bry(E1)) + exp(Bry,(£7))

Emergency stop (E-stop). Given a rollout & R halted at time ¢, define Epatpea = €% B 232 f}z, a
trajectory of equal length that remains at state &, after halting. The binary choice set C Ij[of £,—}

grounds to ¥(0££) = &halted and ¥(—) = &g, yielding

exp(f7rw (€nated))
exp(ﬂrw (ghalted)) + exp(,Bru, (gR)) .

P(off |w,B) =

Corrections. Corrections provide an improved trajectory .o, relative to a rollout g, interpreted
as a localized comparison:

eXp(ﬁrw (ECOI‘I‘))
GXp(ﬂTw (fcorr)) + eXp(ﬂrw (gR)) ’

P(fCOI‘I‘ | w?/B) =

As 3 — 00, all modalities reduce to linear preference constraints w ' (®(¢) — ®(£7)) > 0, provid-
ing the unified constraint interpretation used throughout. We adopt a teacher-centric view in which
environments and feedback instances are selected across multiple MDPs to expose informative re-
ward constraints. Illustrations of the feedback modalities are shown in Figure 1.

4 Feedback informativeness

We analyze how different feedback modalities constrain the feasible reward space. We provide
intuition for the finite-data and analyze idealized unlimited-data regimes to understand how each
modality reduces reward ambiguity. A central tool for reasoning about reward ambiguity is the
Behavioral Equivalence Class (BEC) (Brown and Niekum, 2019).
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Definition 1 (Behavioral equivalence class (BEC)). Let 7 be a policy in a single MDP M with linear
reward R,,(s,a) = w' ¢(s, a). The behavioral equivalence class of 7 is

BEC(7) = {w € R¢ | w'(u"(s,7(s)) — ©(s,b)) >0, Vs €S, Vbe A},

i.e., the intersection of halfspaces defined by the optimality constraints of 7. This constraint-based
view extends naturally to arbitrary feedback datasets.

Definition 2 (Generalized behavioral equivalence class (gBEC)). Let D be a feedback dataset col-
lected across one or more environments. Each feedback instance induces one or more linear prefer-
ence constraints of the form w " A® > 0, where A® = ®(¢H) — d(¢7).

Let A®(D) denote the set of all feature-difference vectors induced by the feedback dataset D. The
generalized behavioral equivalence class induced by D is

gBEC(D) = {w eR* | wTAD >0, VAD € A<I>(D)}. (1)

Connection to BECs. When D consists of optimal demonstrations from a policy 7 that visit all
states, gBEC(D) coincides with the classical BEC(), since each demonstrated state s induces
optimality constraints of the form w " (4™ (s, 7(s)) — p™(s,b)) > 0 forall b € A.

Feasible reward region and ambiguity. For any dataset D, the feasible reward region is
gBEC(D). We quantify reward ambiguity by its volume

G(D) = Volume(gBEC(D)),
assuming ||wl||2 < 1 for boundedness. Smaller G(D) indicates tighter reward identification.

4.1 Constraint geometry under limited and unlimited feedback

To build intuition about how feedback modalities shape the geometry of the feasible reward region,
we first analyze how different forms of feedback constrain gBEC(D) and reduce reward ambiguity.
We consider two regimes: (i) finite-data teaching with a limited feedback budget, and (ii) unlimited-
data teaching, which isolates intrinsic informativeness by examining the feasible region induced by
arbitrarily many feedback instances of a single type.

Limited-data teaching regime. Figure 2 visualizes feasible reward regions under tight budgets
as heatmaps over reward weight space, where brighter areas indicate weights that remain consis-
tent across many randomly sampled feedback sets. We compare three demonstrations against five
instances of each other modality. Demonstrations (Fig. 2¢) produce the smallest gcBEC(D) and low-
est ambiguity G (D). Each demonstration implicitly enforces many optimality constraints, yielding
strong shrinkage of the feasible region even with fewer queries. In contrast, comparisons (Fig. 2a),
corrections (Fig. 2b), and E-stop feedback (Fig. 2d) each contribute only one linear constraint per
instance, resulting in progressively larger feasible regions. Corrections stay more localized thanks
to their shared start-state structure, while E-stop feedback yields the largest gBEC(D) because its
constraints are highly trajectory-specific and local. Demonstrations are especially powerful under
limited budgets, as each piece of feedback delivers rich, multi-faceted behavioral information.
Unlimited-data teaching regime. We next examine the idealized limit in which a teacher can pro-
vide arbitrarily many feedback instances of a single type. Figure 3 shows the corresponding feasible
reward regions. In contrast to the finite-data setting, comparisons induce the smallest gBEC(D)
and lowest ambiguity G (D), followed by corrections, demonstrations, and E-stops. This reversal
highlights an important distinction: while demonstrations provide strong information per example,
comparison feedback becomes more informative in the unlimited-data setting because it can enforce
global ordering constraints across the trajectory space. Taken together, these observations reveal a
key teaching trade-off. Different feedback modalities influence the geometry of gBEC(D) in fun-
damentally different ways, and their relative effectiveness depends on the available teaching budget.
This motivates the theoretical analysis in the next subsections, where we formally characterize how
feedback modalities constrain reward ambiguity in the unlimited-data regime.
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Figure 2: Finite-data feasible reward regions under different types of feedback. Heatmaps visualize
the empirical feasibility probability over the reward space—brighter colors indicate weight vectors
that remain feasible across many randomly sampled feedback sets. The heatmap illustrates how
different feedback modalities constrain the generalized behavioral equivalence class gBEC(D) and
affect reward ambiguity G(D) in the data-limited regime (corresponding to the layout in Figure 4a).
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Figure 3: Feasible reward regions gBEC(D) for different feedback modalities. Subfigures (a)—(d)
show how infinite comparisons, corrections, demonstrations, and E-stops, respectively, shape the
reward feasibility region. The black dot indicates the ground-truth reward parameter (corresponding
to the layout in Figure 4a).

5 Theoretical analysis of feedback modalities

The geometric analysis above showed that different feedback modalities reduce reward ambiguity
in qualitatively different ways. We now formalize these differences by analyzing how each modality
constrains the feasible reward region in the unlimited-data regime.

Let = denote the trajectory space of environment M, i.e., the set of all trajectories that can arise in
M. Throughout this section we assume the teacher can obtain arbitrarily many feedback instances
of a given modality. We use comparison as a reference modality. comparison compare any two
trajectories &;, §; € =, allowing ordering constraints across the entire trajectory space. Therefore, in
the unlimited-data regime, a complete set of preferences consistent with the true reward w* induces
a full ordering over = and yields the feasible region

Heompason = {w € R 1 6,5 € Swith wT0(&) > v 0(&), w (2(6) — 2(&)) > 0}.
We compare this region to those induced by demonstrations, corrective, and E-stop feedback.

5.1 Comparison vs. demonstrative feedback

As mentioned previously, demonstrations induce implicit constraints involving trajectories from the
same initial state. comparison, in contrast, compare any two trajectories in =, imposing ordering
constraints across the entire trajectory space.

Proposition 1 (comparison reduce reward ambiguity compared to demonstrations). Let =% C =
denote the trajectories that are optimal under w*. Demonstrations induce the feasible region

Hemo = {w € RY: Ve* € =*, Ve € = with the same initial state as €, w ' (B(E*)—D(')) > 0}.

Then Hcomparison c Hdemo ) G ( Hcomparison ) < G ( Hdemo ) .

=
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5.2 Comparison vs. corrective feedback

Corrective feedback compares a corrected trajectory &, With the agent’s rollout £r, where both
trajectories share the same initial state.

Proposition 2 (Comparison strictly reduce reward ambiguity compared to corrective feedback).
Corrective feedback induces the feasible region

H orrection = {w € RY: Véor, Er € E with the same initial state, wT(<I>(§CO”) —P(¢R)) > O}.

Then
H comparison Q H correction G ( H comparison ) < G ( H correction ) .

5.3 Comparison vs. E-stop feedback

E-stop feedback compares a halted prefix £ with the continuation of the same trajectory &, pe-
nalizing undesirable future behavior. Because both share the same prefix, the feature difference
®(£%) — @ (&) depends only on states visited after time ¢ along the same trajectory. Consequently,
E-stop constraints are confined to the feature subspace induced by that trajectory.

Lemma 1 (E-stop constraints are trajectory-local). Fix a trajectory £ € =. Any E-stop constraint
comparing % with ¢ lies in the subspace

span{@(s,a) | (s,a) appearsin &}.

Comparison between trajectories £ and £’ € E producex feature differences outside this trajectory-
specific subspace.

Proposition 3 (Comparison strictly reduce reward ambiguity compared to E-stop feedback). E-stop
feedback induces the feasible region

Heop = {w € Rt s < 1, V6 € 2, W, w (0(¢™) - @() > 0.

Then
Hcomparison g HE-S[OP ) G ( Hcomparison ) <G ( HE-stop ) .

6 Single-MDP limitations: environment-dependent reward identifiability

The previous section characterized the intrinsic informativeness of different feedback modalities
in the unlimited-data regime within a single MDP. In realistic settings, however, teaching must
operate under finite feedback budgets and produce rewards that remain effective across different
environments. Even with unlimited feedback available in one MDP, the constraints induced by
that particular environment may fail to uniquely identify the ground-truth reward when the agent is
deployed in other environments. We now formalize a key limitation of single-MDP teaching: reward
identifiability depends on the environment.

Theorem 1 (Single-MDP ambiguity). Let M = {M;, Ms} be two finite MDPs that share a feature
map ¢ : S x A — R? and linear rewards r,,(s,a) = w' ¢(s,a) withw € R? C R% Let w*
denote the ground-truth reward parameter. For any MDP My, let W(Mjy,) denote the generalized
behavioral equivalence class (§BEC), i.e., the set of reward parameters consistent with all possible
idealized feedback constraints obtainable within My,. Define the feature-difference span induced by
My, as

Vi = span{A®(£T,€7) ¢ £F,€ are feasible trajectories in My},

where A®(ET,£7) = ®(ET) — B(£7) and ®(€) denotes the feature expectation of trajectory &.

Assume that the induced spans satisfy V1 C span(Vy U Va). Then there exists a reward parameter
w # w* such that w € W(My) but w ¢ W(M1) N W(Ms). In particular, no amount of feedback
obtained solely from M, is sufficient to uniquely identify w*.

The proof is provided in Appendix 10.1.
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Figure 4: Environment-dependent reward ambiguity. Two gridworld MDPs share the same re-
ward features but differ in layout. The feasible reward region in MDP 2 is strictly larger than in
MDP 1 (gBEC, C gBEC,), illustrating how environment structure affects reward identifiability.

The theorem shows that reward identifiability depends critically on the span of feature differences
achievable by feasible trajectories in each MDP. When a single MDP does not span all reward-
relevant directions, residual ambiguity persists even with unlimited idealized feedback. For a
concrete example, consider two gridworld MDPs that share the same 2D feature representation
(white/gray cells) and ground-truth linear reward w*, but differ in layout, cell arrangement, and ter-
minal state position (see Figures 4a—4c). These layout differences produce distinct sets of feasible
trajectories and thus distinct spans of achievable feature differences, leading to different generalized
behavioral equivalence classes. The resulting feasible reward regions appear in Figures 4b and 4d:
gBEC,; C gBEC,. Every reward consistent with all optimal demonstrations in MDP 1 remains
feasible in MDP 2 (but not vice versa). Teaching only in the “larger” MDP 2 therefore leaves reward
ambiguity that can cause generalization failures to MDP 1, while teaching in MDP 1 excludes more
inconsistent rewards. This asymmetry stems purely from differences in environment layout.

These observations reveal that single-MDP teaching is frequently insufficient to achieve unambigu-
ous reward identification, particularly when generalization across environments is required. Under
realistic finite feedback budgets, the situation becomes even more challenging: the teacher faces
two tightly coupled problems—(i) identifying environments whose combined constraint spans re-
solve the remaining ambiguity, and (ii) selecting the most informative feedback instances within
those environments under a limited total query budget. This naturally motivates a hierarchical ap-
proach, in which environment selection activates complementary constraint subspaces and feedback
selection efficiently covers those subspaces. We next formalize this two-stage strategy as a hierarchi-
cal set-cover optimization problem and introduce hierarchical set cover optimal teaching (HSCOT),
an algorithm for multi-environment teaching with heterogeneous feedback.

7 Hierarchical Set Cover Optimal Teaching (HSCOT)

We introduce Hierarchical Set Cover Optimal Teaching (HSCOT), a machine teaching framework
that learns reward functions robust to changes in environment dynamics by strategically selecting
both environments and feedback queries. The key idea is that different environments expose dif-
ferent reward constraints through their feasible trajectory spaces. HSCOT exploits this structure
by first selecting environments whose dynamics reveal complementary reward constraints and then
selecting feedback instances within those environments that efficiently cover those constraints.

7.1 Generalized teaching formulation

We formulate teaching a reward learning agent across multiple MDPs with heterogeneous feedback
as a machine teaching problem. This generalizes the single-MDP, demonstration-only setting of
Brown and Niekum (2019) to a multi-environment setting where the teacher selects both environ-
ments and feedback instances to efficiently constrain the reward and promote generalization.

Let M = {Mj,..., Mg} be a family of MDPs sharing a feature map ¢ : |J,(Sk x Ax) — R,
where Sy and Ay denote the state and action spaces of M. Let Mypain, Miest € M denote
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training and evaluation environments. A feedback atom is x = (k, f,c), where M}, € Miain,
f € {demo,comp,estop, corr} denotes the modality, and ¢ is the queried choice. A dataset
D = {x1,...,xN} is a collection of such atoms. In the high-rationality limit (8 — o0), corre-
sponding to an expert teacher, each atom induces linear preference constraints w ' A® > 0, where
A® is the discounted feature-count difference between preferred and dispreferred trajectories. These
constraints define the feasible reward region

W(D) ={w eR? | w  A® >0, YAD induced by z € D}.

We evaluate a learned reward w using the average performance gap relative to the ground-truth
reward w* across a given set of evaluation environments, M/,

S (vl = v @)

kem’

Loss(w*, w, M)
( - i

where 7 (w) denotes the optimal policy in M}, under reward w.

We assume an expert teacher who knows w* and the dynamics of all My € Mipain,
but not the evaluation environments. A teaching instance is therefore specified by 7 =
(M, Mirain, Miest, ¢, R%, w*, ), where ¢ is a target loss tolerance.

We want to solve for a teaching set D that minimizes some notion of teaching cost and also mini-
mizes loss. However, as is typical of machine teaching problems in general (Zhu et al., 2018), this
is a difficult multi-objective optimization problem. Minimizing loss on an unseen set of MDPs is
also very difficult without making any assumptions on these unseen test environments. To make our
approach tractable, we focus on a constrained form of the machine teaching problem (Zhu et al.,
2018), where we focus on minimizing loss on the known train set of MDPs. This mirrors the stan-
dard empirical risk minimization paradigm in machine learning, where performance is optimized on
a training set to minimize error on unseen test instances. Under the assumption that training and
evaluation environments are drawn i.i.d. from the same distribution, minimizing loss on the training
MDPs provides a principled surrogate for minimizing loss on unseen environments.

The teacher selects a subset of environments X C M,,i, and queries a dataset D whose atoms
originate only from those environments. Let @0 = IRL(D) denote the inferred reward. We define
the hierarchical teaching cost as TeachingCost(D) = ([MDPs(D)|,|D|) and solve

ngn TeachingCost(D) 3
s.t. Loss( W, Miyain) < €, “4)
IRL(D) )

The minimization is lexicographic: first minimizing the number of environments used and then the
number of feedback queries.

7.2 Constraint universe

To operationalize the teaching objective, we represent feedback in terms of the reward constraints
it induces. For each training MDP M}, € M;ain, let Xy denote the finite set of candidate feed-
back atoms available in that environment. Each atom x € X, induces a set of discounted feature-
difference vectors A®(z) = {ADy, ..., Ad,,}.

We define the constraint universe U as the set of all distinct linear preference constraints inducible
from the traini.ng enviroqmegts, U = Urerynn User, A2(2), 'Where duplicates are ‘removed so
each feature-difference direction appears only once. For each environment M}, we similarly define
U = U,c X A®(z) C U, representing the constraint directions accessible within that environment.

This representation highlights a key structural property of the teaching problem: environment dy-
namics determine which reward constraints are reachable, while individual feedback atoms instan-
tiate those constraints. This separation provides the basis for the hierarchical teaching strategy
introduced next.
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7.3 Hierarchical teaching strategy

The constraint representation above exposes a natural hierarchical structure in the teaching prob-
lem. This observation allows the teaching objective to be decomposed into two coupled decisions:
selecting informative environments and selecting feedback instances within those environments.

QOuter level (environment selection). The first stage selects a minimal subset of environments
K € Mirain such that { J, o Uy, = U, identifying environments whose trajectory spaces collectively
expose all reward-relevant constraint directions.

Inner level (atom selection). Given K, the second stage selects a minimal dataset D satisfying
Uzep A®(z) = U with MDPs(D) C K, determining the feedback instances required to realize
those constraints.

Greedy hierarchical approximation (HSCOT). Both stages correspond to set-cover problems
over the finite constraint universe /. We therefore take advantage of submodularity (Nemhauser
et al., 1978) and employ greedy selection procedures that iteratively choose the environment or
feedback atom providing the largest marginal increase in uncovered constraint directions. The re-
sulting algorithm, HSCOT, separates environment informativeness from feedback efficiency while
maintaining a tractable approximation to the original teaching objective. The full pseudocode for
the outer-stage environment selection, the inner-stage atom selection, and the combined hierarchical
procedure appears in Algorithms 1-3.

After the teaching algorithm constructing D, the learner estimates the reward @& = IRL(D) and
evaluates the resulting policy using the loss in Equation (2).

8 Experimental results

We evaluate whether hierarchical multi-environment teaching (HSCOT) improves reward identifia-
bility and policy generalization under limited feedback budgets.

Domains and setup. We evaluate on two domains with deterministic transitions and fixed discount
factor. In a 6x6 GridWorld, we generate 50 MDPs sharing the same linear reward w* (normalized
so [[w*|]a < 1), but differing in layout and transition structure; feature vectors are sampled per
environment.In LavaMiniGrid (Chevalier-Boisvert et al., 2023), we use four hand-designed features
(distance-to-goal, on-lava, adjacent-to-lava, per-step cost) and generate 50 MDPs with the same
ground-truth reward but different layouts. For generalization, 20% of MDPs are held out and never
seen during teaching.

Baseline and Reward Learning. We compare HSCOT against a Uniform Teaching baseline that
samples feedback atoms uniformly across environments under the same global query budget as
HSCOT. Reward recovery uses max-margin inverse reinforcement learning (Abbeel and Ng, 2004).

Evaluation metrics. We report held-out regret using the average performance gap (Eq. (2)) be-
tween the policy induced by the learned reward w and the ground-truth optimal policy, averaged
over held-out MDPs. We also report constraint coverage, the fraction of the universal constraint set
U covered by the selected feedback atoms D:

coverage(D) = ————,

where U is the set of all distinct linear preference constraints w ' (®(£F) — ®(£7)) > 0 inducible
by any feedback atom and modality across all training MDPs, and U(D) is the subset induced by
D. Coverage serves as a proxy for reduction in reward ambiguity (shrinkage of the generalized
behavioral equivalence class).

10
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Figure 5: Held-out regret (lower is better) averaged over 10 random seeds on 20% held-out MDPs.
Bars show mean regret and error bars denote standard error across seeds. Subfigures (a,b) show
results for single-modality feedback. Subfigures (c,d) show settings where demonstrations are com-
bined with an additional modality. HSCOT (solid bars) consistently outperforms uniform teaching
(dashed bars) across both domains and feedback settings. Overall, rewards learned by HSCOT gen-
eralize better to unseen environments.

Held-out regret. Single-modality results are shown in Figures 5a and 5b. The regret is evalu-
ated on previously unseen environments whose dynamics were not observed during teaching, so
even rewards that perform optimally on the training MDPs may incur small performance gaps when
transferred to new layouts. In GridWorld (Figure 5a), demonstration feedback alone is sometimes
sufficient to recover a reward that generalizes perfectly, resulting in near-zero regret, whereas the
other modalities still produce non-zero regret on unseen environments. In LavaMiniGrid (Fig-
ure 5b), environment variation is stronger and even demonstrations leave residual regret, indicating
the increased difficulty of identifying rewards that generalize to unseen environment layouts. Mixed-
feedback results are shown in Figures 5c and 5d. When demonstrations are combined with another
modality, regret improves substantially and approaches zero in both domains. This improvement is
consistent with the limited-budget analysis: demonstrations implicitly introduce multiple optimality
constraints, and combining them with other feedback types exposes complementary constraint di-
rections across environments, tightening the feasible reward region and enabling HSCOT to recover
rewards that transfer almost perfectly to unseen MDPs.

Constraint coverage. Figure 6 shows the fraction of the universal constraint set covered by the
selected feedback atoms under a fixed global query budget. HSCOT’s two-level greedy approach
(environment selection followed by atom selection) consistently achieves near-complete coverage
in both GridWorld and LavaMiniGrid across almost all feedback modalities. In contrast, uniform
teaching recovers only a small fraction of the universal set—even when using demonstrations, where
each individual demonstration implicitly imposes many constraints. This large and consistent gap
demonstrates two important points: (1) HSCOT can recover nearly all constraints that can be gen-
erated across the training MDPs, and (2) intelligent selection of environments remains critical for
constraint coverage, even when each piece of feedback is highly informative on its own. Uniform
sampling, by spreading queries thinly across uninformative MDPs, misses most of the complemen-
tary constraints needed for tight reward identification.

Selective environment activation. Table 1 reports the average number of distinct environments
activated during teaching. HSCOT consistently uses fewer environments than uniform teaching un-
der the same global budget, reflecting its outer-stage greedy selection of MDPs that contribute max-
imal marginal constraint coverage. The results also highlight the necessity of multi-environment
teaching under limited feedback. Each MDP exposes only a subset of the global constraint universe
due to its specific transition dynamics, so no single environment suffices to eliminate reward ambi-
guity. HSCOT selects a small but informative subset whose joint constraints approximate the full
intersection over all training MDPs. Environment counts are highest for E-stop feedback, consistent
with its weaker and more local constraints, and lowest for comparison feedback, which imposes
stronger global ordering constraints.

11
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Figure 6: Constraint coverage (higher is better) averaged over 10 random seeds. Bars show the
fraction of the universal constraint set covered, and error bars denote standard error across seeds.
Subfigures (a,b) correspond to single-modality feedback, while (c,d) show mixed-feedback settings
where demonstrations are combined with another modality. HSCOT (solid bars) achieves near-
complete coverage in both domains across all settings, whereas uniform teaching (dashed bars)
covers only a small fraction of the constraint universe.

Table 1: Average number of environments activated (out of 50 training MDPs) over 10 random
seeds. Lower is better.

Feedback modality GridWorld LavaMiniGrid Aggregate
HSCOT  Uniform HSCOT Uniform HSCOT Uniform
Demonstration 4.60 5.05 5.00 5.99 4.80 5.52
Correction 4.95 5.21 6.55 6.68 5.75 5.95
Comparison 2.55 2.66 6.91 6.87 4.73 4.77
E-stop 8.44 10.83 13.77 17.50 11.11 14.17

9 Conclusion

We studied how to teach reward functions that remain robust across diverse environment dynamics.
Single-MDP teaching frequently entangles reward information with transition structure, limiting
generalization when dynamics change. We first showed, through constraint geometry and formal
comparison, that feedback modalities differ markedly in informativeness. In the unlimited-data
regime, comparison impose the strictest global ordering constraints and yield the smallest feasible
reward region, strictly outperforming demonstrations, corrections, and E-stops. Under tight budgets,
however, demonstrations become more efficient per query due to their implicit multi-constraint na-
ture. We further proved that reward identifiability is inherently environment-dependent: even ideal-
ized unlimited feedback in one MDP generally leaves residual ambiguity in others unless their com-
bined dynamics expose complementary feature-difference directions. To address these limitations,
we introduced HSCOT, a greedy two-stage algorithm that first selects informative environments and
then strategically queries heterogeneous feedback within them. In GridWorld and LavaMiniGrid
experiments with held-out evaluation MDPs, HSCOT consistently achieved substantially lower re-
gret, near-complete constraint coverage, and more efficient environment utilization than uniform
sampling under identical global query budgets. These results underscore that robust reward learning
depends less on collecting more feedback and more on deliberately choosing which environments
and which queries expose the most informative constraints on the true objective.
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10 Appendix

10.1 Proofs

Proposition 4 (Comparison strictly reduce reward ambiguity compared to demonstrations). Let
=* C Z denote the trajectories that are optimal under w*. Demonstrations induce the feasible
region

Hjomo = {w € R4 V¢* € B*,V¢' € Z with the same initial state as £*, w' (®(£*)—®(¢')) > ()}.

Then
H comparison cH demo G ( H comparison ) <G ( H demo ) .

=

Proof. Step 1: Inclusion Homparison € Haemo-

Demonstrations reveal trajectories that are optimal under the true reward w*. Thus for any {* € =*
and any trajectory £ with the same initial state,

’(U*T(p(f*) Z ’U.)*Tq)(f/).

Each demonstration constraint therefore has the form

w' (2(€7) - 2(¢)) > 0.

This is a special case of the comparison ordering constraints defining H omparison, SINCE cOMparisons
compare arbitrary trajectories &;,; € E.

Therefore any w satisfying all comparison constraints automatically satisfies all demonstration con-
straints, implying
Hcompa.rison - Hdemo~

Step 2: Strict inclusion.
To show the inclusion is strict, it suffices to exhibit a reward vector w € Hgemo \ H. comparison-

Consider two suboptimal trajectories &,, &, € Z \ E* such that

wT () > w T B(&).

Let

vi=B(E,) — P(&).
Demonstration constraints compare optimal trajectories with alternatives from the same initial state,

but do not constrain the relative ordering between suboptimal trajectories such as &, and &,. Thus
the sign of w " v is not determined by the demonstration constraints.

Consequently there exists a reward vector w € Hgemo such that

w'v < 0.
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Such a vector satisfies all demonstration constraints but violates the comparison ordering &, > &,
implying w ¢ Hcomparison'

Therefore
Hcomparison Q Hdemo~

Step 3: Volume comparison.

Since Homparison 18 Obtained from Hgeno by adding additional linear inequality constraints, and both
sets are compact convex subsets of the unit sphere (after ||w|]2 = 1 normalization), their volumes
satisfy

G(Hcomparison) < G(Hdemo> .

This completes the proof. O

Proposition 5 (Comparison strictly reduce reward ambiguity compared to corrective feedback).
Corrective feedback induces the feasible region

H.orrection = {w € RY : V€, o, Er € E with the same initial state, w"' (®(Ecorr) — P(ER)) > O}.
Then

H comparison ,C,_ H correctiony G ( H comparison ) < G ( H correction ) .

Proof. Step 1: Inclusion Hcomparison & Heorrection-

Each corrective feedback instance compares two trajectories .oy and g that share the same initial
state, imposing

W (®(Ecorr) — P(ER)) > 0.

This is a special case of a comparison constraint. Hence every correction constraint appears among
the comparison constraints, implying

H comparison - H correction -

Step 2: Strict inclusion.

Consider trajectories &, &, € = with different initial states such that

w T R(E,) > wr T R(&).

The corresponding comparison constraint is

w' (®(&) — (&) > 0.

However, correction constraints only compare trajectories that start from the same state. Therefore
the ordering between £, and &, is not enforced by correction constraints.

Thus there exists w € Heorrection SUCh that
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w' (®(&) — (&) < 0.

Hence w ¢ Heomparison and

Hcomparison ; Hcorrection'
Step 3: Volume comparison.
Since Homparison adds additional linear constraints to Hegrrection, their volumes satisfy
G(Hcomparison> < G(Hcorrection)-

O

Lemma 2 (E-stop constraints are trajectory-local). Fix a trajectory £ € =. Any E-stop constraint
comparing % with € lies in the subspace

span{¢(s,a) | (s,a) appears in £}.

Comparison between trajectories & and &' may produce feature differences outside this trajectory-
specific subspace.

Proof. Let

f = (so,ao,sl,a1, .. .,ST,aT)

be a trajectory.
For any stopping time ¢ < T, the halted trajectory is £°.

The discounted feature sums are

T
(&) = 7 d(sr,ar)
7=0

and

t [ee)
) =D V(s ar) + Y Y b(si, ).
7=0 T=t+1
The difference vector is
_ ,7t+1 T
q’(é-OIt) - q)(g) = 1— 7¢(st7 at) - Z ’VT(ZS(STu aT)'
T=t+1

All terms involve only feature vectors ¢(s., a,) for state-action pairs appearing in &.

Therefore

O(E™") — (¢) € span{¢(s, a) | (s, a) appears in £}
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Now consider another trajectory & that visits a state-action pair (s’,a’) whose feature vector is
linearly independent of this span. Then the comparison difference

o(¢) - 2(¢)

contains a component outside the trajectory-specific subspace, which cannot be generated by E-stop
constraints along ¢ alone.

O

Proposition 6 (Comparison strictly reduce reward ambiguity compared to E-stop feedback). E-stop
feedback induces the feasible region

Hgop = {w € R [lwlla < 1, ¥ € 2, W1, 0 (@(¢") = (€)) 2 0}.

Then

Hcomparison .,C,_ HE-Smp ) G ( Hcomparison ) <G ( HE-stop ) .

Proof. Step 1: Inclusion.

Each E-stop constraint compares two trajectories £%* and £. This is a special case of a comparison
Thus every E-stop constraint appears among the comparison constraints, implying

H comparison C H, E-stop-

Step 2: Strict inclusion.

By Lemma 2, E-stop constraints along a trajectory £ only constrain reward vectors in the subspace
spanned by features appearing in &.

Comparisons between trajectories £ and £’ can introduce feature differences outside this subspace.

Hence there exist reward vectors satisfying all E-stop constraints but violating a comparison order-
ing.

Therefore

H comparison Q H E-stop-

Step 3: Volume comparison.

Since Homparison adds additional constraints to HE.sop, their volumes satisfy

G((}Icomparison) < G(HE—stop) .

O

Theorem 2 (Single-MDP ambiguity and necessity of multi-MDP teaching). Let M = {M;, My} be
two finite MDPs that share a feature map ¢ : S x A — R% and linear rewards r,,(s,a) = w' ¢(s,a)
with w € R? C R Let w* denote the ground-truth reward parameter.

For any MDP My, let W(My,) denote the generalized behavioral equivalence class (§BEC), i.e.,
the set of reward parameters consistent with all possible idealized feedback constraints obtainable
within Mj,.

18
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613  Define the feature-difference span induced by Mj, as
Vi = span{A®(ET,€7) ¢ £1,&7 are feasible trajectories in My},

614  where AD(E1,67) = B(ET) — B(E7) and P(€) denotes the feature expectation of trajectory &.

615  Assume that the induced spans satisfy

V; C span(V; U Vs).

616  Then there exists a reward parameter w #* w* such that

weW(M;) but w¢W(M)NW(Ms).
617  In particular, no amount of feedback obtained solely from M is sufficient to uniquely identify w*.
618  Proof. Under idealized feedback, every constraint obtained from M; can be written as a linear

619 inequality
w' AP >0, AP eV,

620 which defines a closed convex cone in parameter space. Hence the gBEC induced by M is

W(M) ={weR": w A® >0 YAD €V }.

621 Because Vi C span(V; U Vy), there exists a direction u € RY such that
ul WV but u ,J/_ Vs.

622 Define

w* + eu
W= —
|w* + eul[2

623 for sufficiently small € > 0. By orthogonality, for every A® € V; we have
w AP = (w*)TAD,

624  so w satisfies all constraints induced by M;. Therefore w € W(Mj).

625 However, since u has nonzero projection onto Vs, there exists some A®’ € V5 for which
w' AD' # (w*) A,

626 For sufficiently small but nonzero ¢, the sign of the inner product can be reversed relative to w*,
627 violating at least one constraint obtainable in M5. Thus w ¢ W(My), implying

628 Hence the reward parameter cannot be uniquely identified using feedback from M; alone, complet-
629  ing the proof. O

630 10.2 Supplementary Algorithms

631 This section provides the full pseudocode for the hierarchical set-cover teaching procedure used
632 in the main text. The algorithms correspond to the two-stage greedy approximation described in
633 Section 7.3.
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Algorithm S1: Greedy Environment Selection (Outer Stage)

Algorithm 1 Greedy Environment Selection

Require: Per-MDP constraint coverage sets {U } e M,,a, » UNiverse U
Ensure: Ordered list of selected MDP indices K
1: covered + 0
K1l
while covered # U do
Select k maximizing |U; \ covered]
K+ KU{k}
covered < covered U (U}, \ covered)
end while
return /C

o S I U S

Algorithm S2: Greedy Atom Selection (Inner Stage)

Algorithm 2 Greedy Atom Selection

Require: Selected MDPs K, candidate atoms and coverage sets within /C, universe I/
Ensure: Ordered list of chosen atoms D
1: covered < )
D ]
while covered # U do
Select atom « from any k& € K maximizing |coverage(x) \ covered|
D+ Du{z}
covered <— covered U (coverage(z) \ covered)
end while
return D

R DDA RN

Algorithm S3: Hierarchical SCOT (HSCOT)

Algorithm 3 Hierarchical SCOT (HSCOT)

Require: Constraint universe U, per-MDP inducible constraints {U/ }, candidate atoms per MDP

Ensure: Selected environments K and feedback dataset D
1: K < Greedy Environment Selection({U}; },U)
2: Restrict candidate atoms to those in environments C
3: D < Greedy Atom Selection(/C, )
4: return (/C, D)

(Alg. S1)

(Alg. S2)
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